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I discuss recent results obtained by our group within the Nambu-Jona Lasinio model 
with the Polyakov loop. I focus on the two flavor version of the model, discussing the phase 
diagram in the — T plane in the case in which electrical neutrality is required. One of the 
results is that pion condensation is not observed in our model when a physical mass for the 
light quarks is considered. 

§1. Introduction 

The study of strong interactions by means of effective models, whicli are sim- 
pler to manage than Quantum Chromodynamics (QCD), is nowadays very popular. 
Among the various effective models of QCD the Nambu-Jona Lasinio model (NJL) 
is widely used since it allows for a simple and non perturbative discussion of chiral 
symmetry breaking and related phenomena.'^''^ The NJL model can be improved 
by the introduction of a background temporal static gluon field, coupled to quarks 
via the QCD covariant derivative. The gluon field is related to the expectation 
value of Polyakov loop and the new model is called Polyakov-NJL (PNJL in the 
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In the PNJL model an effective potential for ^ is added by hand to the quark 
lagrangian, and ^ is coupled to the quarks via the QCD covariant derivative. The 
value of {<P) in the ground state, as well as other quantities of interest like the chiral 
and/or the pion condensate, are obtained by minimization of the thermodynamic 
potential. 

In this proceeding we summarize some of our recent results presented in Ref.,'!^ 
where we have studied the phase diagram and the pion modes of the electrically 
neutral two flavor PNJL model. Our study has some overlap with Refs.'^''^ 

One of the results of our work is that when electrical neutrality is required, pion 
do not condense in the ground state: as explained in our original papei'^ this is 
mainly due to the fact that we use quarks with a finite current mass. Moreover we 
investigate on the pions and a mass spectra. We find that the qualitative behavior 
of the masses resembles that obtained in the NJL model. We close this paper by 
studying the possibility that a bound state with the quantum numbers of the pions 
can be formed above the chiral phase transition. 
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§2. Formalism and results 

The Lagrangian density of the two flavor PNJL model considered here is given 

/: = e(i7/,5^+//e7o)e+V'(i7/.^^ + A7o-m)V+G' (^V)^ + (V'^ls^V')^ -U[^,3,T] , 

(2-1) 

In the above equation e denotes the electron field; ip is the quark spinor with Dirac, 
color and flavor indices (implicitly summed), m corresponds to the bare quark mass 
matrix; we assume from the very beginning = m^. The covariant derivative 
is defined as usual as = — i^^i- The gluon background field = Sq^Aq is 
supposed to be homogeneous and static, with = 5^o?a and Tq, a = 1, ... ,8 being 
the SU{3) color generators with the normalization condition Tr[Ta,rb] = 6ab- t is 
a vector of Pauli matrices in flavor space, /i is the chemical mean quark chemical 
potential, related to the conserved baryon number; fi^ = —fiq and the quark chemical 
potential matrix fi is defined in flavor-color space as 

where Ic denotes identity matrix in color space. 

In Eq. (|2-1|) ^, 3 correspond to the normalized traced Polyakov loop L and its 
hermitian conjugate respectively. The term U[<P,3,T] is the effective potential for 
'P, 3. Several forms of this potential have been suggested in the literature, see for 
example.lSt'EJO'lS In this paper we adopt the following logarithmic form,'^ 

^11^1^1^ = _M^^^ + 6(r) log [1-6^^ + 4(^3^ _3(^^^2j ^ ^2-3) 

with 



b,{T) = ao + a,i^-^j+a2i^-^j , b{T) = b, i^-^ j . (2-4) 

The reader is referred to Ref.l^ for numerical values of the coefficients. 

We work in the mean field approximation. In order to study chiral symmetry 
breaking and to allow for pion condensation we assume that in the ground state the 
expectation values for the following operators may develop 



{ipijj) , TT = ('0i75nV') • (2-5) 



In the above equation a summation over flavor and color is understood. The ther- 
modynamical potential Q can be obtained by integration over the fermion fields in 
the partition function of the moder^' 

V127r2 6 180 y ^ ^ L ^ J 

^ S-\iu;n,p) 
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Fig. 1. Phase diagram of the electrically neutral two flavor PNJL model. Dashed line corresponds 
to the chiral crossover; solid line describes the first order chiral transition. At ^ = the critical 
point is located at T = 206 MeV; at T = the chiral transition is found at = 348 MeV. The 
black dot denotes the critical end point (CEP), located at {^ie,Te) = (342, 79) MeV. 



where the sum is over fermion Matsubara frequencies ujn = 'KT{2n + \), and the trace 
is over Dirac, flavor and color indices. A is an ultraviolet cutoff to ensure convergence 
of the momentum integral. The inverse quark propagator is easily derived by 
Eq. (j2-ip (the interested reader can find the calculational details in our papei'^). 
The ground state of the model is defined by the values of cr, vr, ^ that minimize 
Q and that have a vanishing total charge; the latter condition is equivalent to the 
requirement 

f^O. ,2.7, 

The parameters m, G and A are given 

m = 5.5 MeV , G = 5.04 GeV"^ , A = 650.9 MeV , (2-8) 

which fix, at zero temperature and zero chemical potential, the pion mass m-,^ = 
139.3 MeV, the pion decay constant /jr = 92.3 MeV and the chiral condensate 
{uu) = —(251 MeV)^. Finally we chose Tq = 208 MeV in the Polyakov loop effective 
potential.SS 

In Fig. [1] we plot the phase diagram of the electrically neutral two flavor PNJL 
model. Dashed line corresponds to the chiral crossover; solid line describes the 
first order chiral transition. At each value of /i the crossover is identified with the 
inflection point of the chiral condensate. Analogously the first order transition is 
defined by the discontinuity of cr. At // = the chiral crossover occurs at T = 206 
MeV. For comparison, the inflection point of the Polyakov loop (which is commonly 
associated to the deconfinement crossover) at /i = is located at T = 180 MeV. This 
implies that in the model under consideration the two crossovers are mismatched by 
a temperature of the order of 10 MeV. Moreover, at T = the chiral phase transition 
is of first order and is found at = 348 MeV. The black dot denotes the critical end 
point (CEP), located at (/i^jTe) = (342,79) MeV. 
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Fig. 2. Masses of the charged pions (left panel) and of the neutral pion (right panel) in the electri- 
cally neutral phase, as a function of the temperature, for different values of the quark chemical 
potential. 



As explained in detail in our original paper we find a vanishing pion con- 
densate for each value of and T once electrical neutrality is required. This result 
seems in contradiction with the results obtained by Ebert and Klimenko in Ref.|^ 
where they show that at T = and in the neutral phase a narrow window in ^ there 
exists where pions condense. The reason of the discrepancy is easily understood by 
observing that Ebert and Klimenko work in the chiral limit, thus putting m = in 
the quark lagrangian. On the other hand we consider massive quarks. The value 
m = 5.5 MeV used by us to reproduce the vacuum pion mass favors the vacuum 
alignment to the chiral condensed phase with o" 7^ 0, vr = Oj'^S''^ in the same way as 
an external magnetic field H along a certain direction in space favors the alignment 
of the spins in a Weiss domain along H itself. This is not surprising at all: as a 
matter of comparison, at = the condition ^/ > m-,^ must be fulfilled in order to 
observe pion condensation, with the isospin chemical potential. In the chiral limit 

= thus an infinitesimally small value of m is enough to favor pion condensa- 
tion. On the other hand a light current quark mass m ~ 5 MeV implies m-,^ ~ 140 
MeV, thus a /i/ > 140 is needed to observe pion condensation. The comparison 
between our results and those obtained by Ebert and Klimenko suggests that the 
pion condensate is very sensitive to the value of the current quark mass. A detailed 
study of the evolution of the ground state of strongly interacting quark matter as 
mo is increased from zero to its physical value, at zero and finite temperature and/or 
chemical potential, will be the subject of a forthcoming paper 

Next we turn to the computation of the masses of the pion modes in the two 
flavor and electrically neutral PNJL model. The a mode is not considered here for 
obvious space limitations; for the same reason we skip all the calculational details, 
the interested reader is referred to our original paper-^ISli The pion mass is defined as 
pole of the pion propagator at rest, the latter being the solution of the Schwinger- 
Dyson equation for the pseudoscalar mesonic correlator. Its derivation in the context 
of the NJL model is in Ref.0 The same equation is valid in the PNJL model, see for 
example the clear derivation in.^^S 

In Fig. [2] we plot the masses of the charged pions (left panel) and of the neutral 
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Fig. 3. Region of existence of bound states in the jJ. — T plane. denotes the region where 

chiral symmetry is broken; X'S'^ denotes the region where chiral symmetry is restored. M is the 
constituent quark mass. The dashed and the solid lines correspond respectively to the chiral 
crossover and to the chiral first order transition, the dot denotes the CEP. In the gray region 
chiral symmetry is restored but a bound state with the quantum numbers of the pions can still 
be formed. See the text for more details. 



pion (right panel) in the electricahy neutral phase, as a function of the temperature, 
for different values of the quark chemical potential. The behavior of the pseudoscalar 
modes as the temperature is increased is qualitatively the same observed in the NJL 
model.13 

It is interesting to evaluate the ratio m.,^/2M, with M the constituent quark 
mass, as a function of temperature. If it is larger than one, than a bound state with 
the quantum numbers of the pion is less stable than a state made of a free quark 
and a free antiquark, and thus the pion melts to its constituent quarks. In Fig. [3] 
where we show the region in the fJ- — T plane where the bound state can be formed. 
In the white region below the gray domain the chiral symmetry is broken and pions 
live as pseudo-Goldstone modes. In the gray region chiral symmetry is restored but 
m^/2iVfg < 1, thus bound states can be formed. Finally, in the white region above 
the gray domain chiral symmetry is restored and free quark states are more stable 
than bound states (this region is characterized by mT^/2Mq > 1). The window in 
which the bound state is stable above the chiral crossover is not a peculiarity of the 
PNJL model. Similar results are obtained in Refs.'^''^ 

In conclusion, we have studied the phase diagram of the two flavor PNJL model, 
considering the role of electrical neutrality and finite quark masses on the chiral 
crossover and the pion condensation. One of our results is that pion condensation 
does not occur in the electrical neutral state. 

We have computed the masses of the pseudo-Goldstone modes and of the a- 
mode. Furthermore we have investigated on the possibility of existence of bound 
states with the quantum numbers of the pions above the chiral critical temperature. 
The result is summarized in Fig. [3j 
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